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Thermal hydrologic model of permafrost 
 

1.0 Model formulation  
The non-isothermal dynamics of water in porous media above and below the 
freezing temperature is considered. A nonisothermal, two-component, three-phase 
model was presented by Painter [2011]. Here this model is simplified to a single 
component (water in the ice, liquid and vapor phases) and an energy balance. The 
approach is equivalent to a temperature dependent version of Richards equation 
with an option to partition to the ice phase.  

1.1 Conservation equations 

 
Using the extended Darcy’s law for multiphase flow, the conservation equation 
for water is written  
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where the Darcy velocity is defined by  
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Here s is the phase saturation (sl + sg + si = 1), t is time,  φ is porosity, n is density 
on a molar basis, ρ is mass density, ω is mole fraction of water, k is the absolute 
permeability, kr is relative permeability, µ is dynamic viscosity, z is the vertical 
coordinate, g is the acceleration due to gravity, D is the diffusion coefficient, Q is 
the mass source rate, and is the phase-dependent tortuosity.  Note the phase 
saturation is included in the diffusion term, which differs from that of Painter 
[2011]. That work included the saturation in the tortuosity. The subscripts l, g, and 
i represent liquid, gas and ice phases, respectively. Ice-phase air and dissolved air 
are ignored, so
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ω i ≡1 and 
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ω l ≡1.  
 
Setting the gas pressure to the hydrostatic condition eliminates the gas advection 
term from eq 1. In addition, the constraint that the vapor pressure be equal to the 
saturated vapor pressure can be used to rewrite the 
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∇ω g term  
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where R is the ideal gas constant 461.5 J/kg-K and psv(T) is the saturated vapor 
pressure. The water balance equation becomes 
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The corresponding energy balance equation assumes local thermal equilibrium 



2 

among the ice, liquid, gas and rock, leading to 
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Where T is temperature, u is specific internal energy, h is specific enthalpy, κe is 
the equivalent thermal conductivity for the rock-water-ice mixture, H is the 
thermal energy source, and the subscript rock denotes the solid (rock) phase.  
 
Primary variables are temperature T and liquid pressure pl. Note that no variable 
change is required when going from partially saturated to fully saturated 
conditions. However, the situation of full dryout
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sg =1 is not allowed.  

1.2 Constitutive Relationships 

1.2.2 Saturation/pressure relationships  

Functional relations between phase saturations and interphase capillary pressures 
are required. In partially frozen geological material, water is generally the wetting 
phase with respect to both air and ice, implying that ice forms first in the largest 
water-filled pores. It is also generally assumed that a thin film of water separates 
the ice from gas and prevents a direct gas-ice interface. Thus, two retention curves 
(saturation-capillary pressure relations) are required, one for the ice-liquid pair 
and one for the liquid-gas pair.  
 
In multiphase systems, the retention curves for all phase pairs can be related to the 
retention curve for any two-phase system by an interfacial-tension dependent 
rescaling of the capillary pressure [14]. For the ice-water-gas system,  
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where is the retention curve for the two-phase system with unfrozen liquid and 
gas, and are gas-liquid and ice-liquid interfacial tensions, is the gas-
liquid capillary pressure (pg-pl) and is the ice-liquid capillary pressure (pi-pl).  
The left side of equation 6 is the “unfrozen fraction” and the left side of equation 
7 is the “apparent” liquid saturation (ratio of unfrozen liquid to available pore 
space). For clarity, the residual (irreducible) liquid saturation has been set to zero, 
but this can easily be included.  
 
The ice-liquid capillary pressure is understood to be determined by the 
temperature and chemical composition of the liquid phase, independent of the 
liquid water content [15]. Grant and Sletten [15] review several derivations and 
recommend the development of Brun et al. [16] as the most rigorous. The 
expressions reviewed by Grant and Sletten are all within 10% of the Brun et al. 
[16] expressions over the temperature range 230-273 K. At lower temperatures, 
the relative differences can be larger, but the unfrozen fraction is negligible at 
those temperatures, and the absolute error incurred by using the more approximate 
expression in the calculation of unfrozen fraction is too small to have any 
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meaningful effect. Because of this insensitivity to the exact representation, Loch’s 
model [17] 
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is approximated as  
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Here  is the heat of fusion of water at T0 = 273.15 K.  
 
Several empirical forms exist for the soil moisture retention curve .  Van 
Genuchten’s [18] model has been successful for a wide range of media and is 
widely used.  
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   (10)        

where P0 and ν are curve fitting parameters and . Note that Eq. 10 does 
not allow a non-zero air entry pressure but modifications that accommodate a non-
zero air entry pressure have been developed [19].  
 
The computational steps in establishing the phase saturations from the primary 
variables can now be described. Recall that the gas-liquid capillary pressure is 
always known because liquid pressure is a primary variable and gas pressure is 
fixed. Similarly temperature and thus ice-liquid capillary pressure are always 
known. Thus the right sides of 6 and 7 are always known. If pl > pg then the  
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Then  
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sl =1 A + B −1( )  
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sg = sl B −1( )  

€ 

si = sl A −1( ) =1− sl − sg  
 
Note that if temperature is above the nominal freezing point, A=1, the ice 
saturation is 0 and the liquid and gas saturations are determined purely from the 
unfrozen moisture retention curve. If the liquid pressure exceeds the gas pressure, 
B=1, sg = 0, and partitioning between the ice and liquid phase is purely a function 
of temperature through equation 6 with 9.   

1.2.3 Relative permeability  

Relationships between the liquid and gas relative permeabilities and the phase 
saturations are also required. The liquid phase relative permeability in MarsFlo is 
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based on van Genuchten’s fit combined with Mualem’s [20] model for relative 
permeability 

€ 

krl = sl( )1/ 2 1− 1− sl( )1/λ( )
λ⎡ 

⎣ ⎢ 
⎤ 

⎦ ⎥ 

2
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Because of its low viscosity, the gas phase tends to be highly mobile and the gas-
phase relative permeability is generally less important than liquid relative 
permeability.  A simple linear relationship is used here.  

1.2.4 Thermal conductivity  

Thermal conductivity in unfrozen soils or rocks is often written as  
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κe = κdry + κ sat,l −κdry( )Keu   (13) 

 
where  is the Kersten number for unfrozen conditions, is the 
liquid saturation,  is the liquid-saturated thermal conductivity and is the 
dry conductivity.  
 
For soils or rocks that are frozen and with no liquid water content, the 
corresponding equation is  
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κe = κdry + κ sat,i −κdry( )Ke f   (14) 

 
where   is the Kersten number for frozen conditions,  is the ice 
saturation,  is the thermal conductivity under ice-saturated conditions.  
 
The Kersten numbers in Eq. 13 and 14 are simply ratios of partially saturated 
thermal conductivity to fully saturated thermal conductivity (e.g. [21]). Both 
range from 0 for dry conditions to 1 for saturated conditions and are, in general, 
nonlinear functions of the respective saturation indices. A power-law function is 
assumed here as a convenient model  
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Keu = sl +ε( )αu  (15) 
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Ke f = si +ε( )α f  (16) 

where  and  are empirical exponents and  is a regularization 
parameter that prevents, for numerical reasons, the derivative with respect to sl or 
si  from becoming unbounded at 0 when  and  are less than 1.  
 
For a general-purpose code, thermal conductivity is needed as a function of both sl 
and si. To this end, bilinear interpolation in the Kersten numbers is introduced 
here 
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κe = Ke f κ sat, f +Keuκ sat,u + 1−Ke f −Keu( )κdry  (17) 
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There are two options for specifying the dry and saturated thermal conductivities: 
they may be considered empirically determined parameters and directly specified 
as input or they may be related to the grain conductivity (κg) and porosity φ.  
 
For saturated conductivity, the following have been proposed [21]  
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κ sat,u = κmg
1−φκw

φ   (18) 

and  
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κ sat, f = κmg
1−φκ i

φ   (19) 

where κI, κw, κmg are thermal conductivities for water ice, liquid water, and 
mineral grains, respectively.  
 
For κdry, the following empirical fit has been shown to be reasonably accurate [22] 
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κdry =
0.135ρb + 64.7
ρmg − 0.947ρb

 (20) 

where  and are the dry bulk and grain densities, respectively, in kg m-3 and 
κdry is in W m-1 K-1. This equation is now placed in a more convenient form. 
Using , and imposing the constraints that κdry equal the thermal 
conductivity of air (κa) and the mineral grain thermal conductivity (κmg) when 
porosity is 100% and zero, respectively, results in  
 

(21) 

 
 
where d is 0.053 (unitless).   

1.2.5 Diffusion coefficients  

The binary diffusion coefficient is adjusted for temperature and pressure as [24] 
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where is the value at reference temperature and pressure conditions and 
temperature is in Kelvin.  
 
The phase-dependent tortuosity is written in the form  
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τg = τ0φ
β −1sg

ʹ′ β −1 (25) 

 

€ 

β and
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β ʹ′are empirical parameters. The Millington-Quirk model [26] for gas-
phase tortuosity is recovered by setting =4/3 and =10/3 (check this: 7/3 or 
13/3? ). The parameter τ0 is a user-specified constant and is typically taken to be 
unity.  
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